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It is well known that metric and norm structures play a pivotal
role in functional analysis. So in order to develop functional
analysis one has to take care of the suitable generalization of
these structures. Historically, the problem of generalization
of the metric structure came ﬁrst. Different authors introduced
ideas of quasi-metric space [1,2] generalized metric space [3,4],
generalized quasi-metric space [5], dislocated metric space [6],
fuzzy metric space [7–9], statistical metric space [10], two
304 G. Rano, T. Bagmetric space [11], quasi-normed linear space[12], fuzzy normed
linear space [13], fuzzy Banach space[14], etc. Many authors
[15–21] study the stability of different types of functional equa-
tions in different directions.
In [2], Rano introduce the concepts of Cauchy sequence,
Convergent sequence, Open set, Closed set, etc. in a quasi-met-
ric space and established some basic theorems such as Cantor’s
intersection theorem and Baire’s category theorem in complete
quasi-metric spaces. We give the deﬁnition of Contraction
mapping and established some ﬁxed point theorem with
uniqueness. In [13], some results on ﬁnite dimensional quasi-
normed linear spaces are established, the idea of equivalent
quasi-norm is introduced and Riesz’s lemma is proved in this
space.
In this paper, we deﬁne continuity and boundedness of lin-
ear operators in quasi-normed linear space. Quasi-norm linear
space of bounded linear operators is deduced. Concept of dual
space is developed.
The organization of the paper is as follows:
In Section 1, comprises some preliminary results.
In Section 2, we introduce the concept of continuity
and boundedness of linear operators in quasi-normed linear
space.
Space of bounded linear operators and dual space are
developed in Section 3.
In Section 4, we give some interesting open problems.
Throughout this paper straightforward proofs are omitted.
1. Some preliminary resultsDeﬁnition 1.1 [12]. Let X be a linear space over the ﬁeld F and
h the origin of X. Let j  jq : X ! ½0;1Þ satisfying the following
conditions:
(QN-1) jxjq ¼ 0 iff x ¼ h;
(QN-2) jexjq ¼ jejjxjq for x 2 X and e 2 F ;
(QN-3) there exists a K P 1 such that
jxþ yjq 6 Kfjxjq þ jyjqg for x; y 2 X:
Then ðX; j  jqÞ is called a quasi-normed linear space (qnls) and
the least value of the constant KP 1 is called the index of the
quasi-norm j  jq.
The quasi-normed linear space ðX; j  jqÞ is called a strong
quasi-normed linear space (sqnls) if it satisﬁes the following
additional condition:
(QN-4) There exists K P 1 such that
Xn
i¼1
xi


q
6 K
Xn
i¼1
jxijq
( )
8xi 2 X; 8n 2 N:
Note 1.1 [12]. In a quasi-normed linear space ðX; j  jqÞ with
quasi index K,
Xn
i¼1
xi


q
6 Kn1
Xn
i¼1
jxijq
( )
8xi 2 X; 8n 2 N:
Note 1.2 [12]. If K ¼ 1 then the quasi-norm j  jq is reduced to
a norm on X and ðX; j  jqÞ a normed linear space.Note 1.3 [12]. Every normed linear space is a quasi-normed
linear space but not conversely, which is justiﬁed by the follow-
ing examples.
Example 1.1 [12]. Let X ¼ R2 be a linear space. For
x ¼ ðx1; x2Þ 2 X deﬁne
jxjq ¼
ﬃﬃﬃﬃﬃﬃﬃ
jx1j
p
þ
ﬃﬃﬃﬃﬃﬃﬃ
jx2j
p 2
:
Then ðX; j  jqÞ is a quasi-normed linear space but not a normed
linear space.
Deﬁnition 1.2 [12]. Let ðX; j  jqÞ be a quasi-normed linear
space.
(i) A sequence fxng1n¼1  X is said
(a) to converge to x 2 X denoted by limn!1xn ¼ x if
limn!1jxn  xjq ¼ 0;
(b) to be a Cauchy sequence if limm;n!1jxn  xmjq ¼ 0.(ii) A subset B  X is said to be complete if every Cauchy
sequence in B converges in B.
(iii) A subset A of X is said to be bounded if there exists a
real number M > 0 such that jxjq 6 M 8x 2 A.
(iv) A subset A of X is said to be closed if for any sequence
fxng of points of A with limn!1xn ¼ x implies x 2 A.
(v) A subset A of X is said to be compact if for any sequence
fxng of points of A has a convergent subsequence which
converges to a point in A.
Proposition 1.1 [12]. Let ðX; j  jqÞ be a quasi-normed linear
space. Then
(a) the limit of a sequence fxng in X if exists is unique;
(b) every subsequence of a convergent sequence converges to
the same limit;
(c) every convergent sequence in X is a Cauchy sequence.
Lemma 1.1 [12]. Let fx1; x2; x3; . . . ; xng be a linearly indepen-
dent set of vectors in a quasi-normed linear space ðX; j  jqÞ. Then
9C > 0 such that for any choice of scalars k1; k2; . . . ; kn we have
jk1x1 þ k2x2 þ    þ knxnjq P Cðjk1j þ jk2j þ    þ jknjÞ:
Deﬁnition 1.3 [12]. Let ðX; j  jqÞ be a quasi-normed linear
space. If X is a ﬁnite dimensional linear space then ðX; j  jqÞ
is called a ﬁnite dimensional quasi-normed linear space.2. Bounded linear operators in quasi-normed linear space
In this section we deﬁne continuous and bounded linear oper-
ators in quasi-normed linear spaces and study some properties
in this space.
Deﬁnition 2.1. Let ðX1; j  jq1Þ and ðX2; j  jq2 Þ be two quasi-
normed linear spaces and T : X1 ! X2 be an operator. Then T
is said to be continuous at x 2 X1 if for any sequence fxng of
Bounded linear operators 305X1 with xn ! x i.e. with limn!1jxn  xjq1 ¼ 0 implies
TðxnÞ ! TðxÞ.
i.e. limn!1jTðxnÞ  TðxÞjq2 ¼ 0. If T is continuous at each
point of X1, then T is said to be continuous on X1.
Deﬁnition 2.2. Let X1 and X2 be any two linear space and
T : X1 ! X2 be an operator. Then T is said to be a linear oper-
ator if for any k1; k2 2 F and for any x1; x2 2 X1
Tðk1x1 þ k2x2Þ ¼ k1Tðx1Þ þ k2Tðx2Þ:
Proposition 2.1. Let ðX1; j  jq1Þ and ðX2; j  jq2Þ be two quasi-
normed linear spaces and T : X1 ! X2 be a linear operator. If
T is continuous at a point x 2 X1, then T is continuous every-
where on X1.
Deﬁnition 2.3. Let ðX1; j  jq1Þ and ðX2; j  jq2Þ be two quasi-
normed linear spaces and T : X1 ! X2 be an operator. Then
T is said to be bounded if 9M > 0 such that
jTðxÞjq2 6Mjxjq1 8x 2 X1:
Example 2.1. Let ðX; j  jqÞ be a quasi-normed linear spaces
and T : X! X be an operator deﬁned by TðxÞ ¼ 2x. Then T
is a bounded linear operator.
Theorem 2.1. Let ðX1; j  jq1 Þ and ðX2; j  jq2Þ be two quasi-
normed linear spaces and T : X1 ! X2 be a linear operator. Then
T is bounded iff T is continuous.
Proof. Let T be a bounded linear operator. Then 9M > 0 such
that
jTðxÞjq2 6Mjxjq1 8x 2 X1:
Let fxng be any sequence in X1 with xn ! x:
i.e. limn!1jxn  xjq1 ¼ 0:
Now
jTðxnÞ  TðxÞjq2 ¼ jTðxn  xÞjq2
6Mjxn  xjq1
) lim
n!1
jTðxnÞ  TðxÞjq2 ¼ 0
) fTðxnÞg ! TðxÞ:
So T is continuous.
Conversely, suppose T is a continuous linear operator. We
have to prove that T is bounded. If possible suppose T is not
bounded linear operator. Then there exists a sequence fxng in
X1 such that
jTðxnÞjq2 > njxnjq1 :
Clearly xn – h for any n. Let
x0n ¼
xn
njxnjq1
:
Thenx0n
 
q1
¼ 1
n
;
) lim
n!1
jx0njq1 ¼ 0;
) lim
n!1
x0n ¼ h:
Since T is continuous, it follows that
lim
n!1
Tðx0nÞ ¼ TðhÞ;
) lim
n!1
jTðx0nÞjq2 ¼ 0:
But T x0n
  
q2
> 1 8n, which is a contradiction.
Hence T is bounded. h
Theorem 2.2. Let ðX1; j  jq1Þ and ðX2; j  jq2 Þ be two quasi-
normed linear spaces and T : X1 ! X2 be a linear operator. If
X1 is of ﬁnite dimensional, then T is bounded (so continuous).
Proof. Let dimX1 ¼ n and fx1; x2; x3; . . . ; xng be a basis of X1.
Let x ¼
Xn
i¼1
kixi 2 X1; then
jTðxÞjq2 ¼ T
Xn
i¼1
kixi
 !

q2
¼
Xn
i¼1
kiTðxiÞ


q2
:
By Note 1.1,
Xn
i¼1
kiTðxiÞ


q2
6 Kn1
Xn
i¼1
jkijjTðxiÞjq2 :
Let M ¼ Kn1MaxfjTðx1Þjq2 ; jTðx2Þjq2 ; . . . ; jTðxnÞjq2g, then
jTðxÞjq2 6M
Xn
i¼1
jkij: ð2:1Þ
By Lemma 1.1, 9C > 0 such that
jxjq1 ¼
Xn
i¼1
kixi


q1
P C
Xn
i¼1
jkij: ð2:2Þ
From (2.1) and (2.2) we have
jTðxÞjq2 6
M
C
jxjq1 :
Since Lemma 1.1 holds for any arbitrary scalars k1; k2; . . . ; kn
we have
jTðxÞjq2 6
M
C
jxjq1 8x 2 X1:
Hence T is bounded (so continuous). h3. Space of bounded linear operators
Let ðX1; j  jq1Þ and ðX2; j  jq2Þ be two quasi-normed linear
spaces. We denote by LðX1;X2Þ the set of all linear operators
from ðX1; j  jq1Þ to ðX2; j  jq2Þ. Then LðX1;X2Þ is a linear space.
We shall show that the set of all bounded linear operators from
ðX1; j  jq1Þ to ðX2; j  jq2Þ is also a linear space.
Theorem 3.1. Let ðX1; j  jq1Þ and ðX2; j  jq2Þ be two quasi-
normed linear spaces. We denote by BðX1;X2Þ the set of all
306 G. Rano, T. Bagbounded linear operators from ðX1; j  jq1Þ to ðX2; j  jq2Þ. Then
BðX1;X2Þ is also a linear space.
Proof. Let T1;T2 2 BðX1;X2Þ and for x 2 X1,
ðT1 þ T2ÞðxÞ ¼ T1ðxÞ þ T2ðxÞ;
ðk T1ÞðxÞ ¼ k T1ðxÞ:
Since T1 and T2 are bounded, 9M > 0; N > 0 such that
8x 2 X1
jT1ðxÞjq2 6Mjxjq1
and jT2ðxÞjq2 6 Njxjq1 .
Now jðk1T1 þ k2T2ÞðxÞjq2 ¼ jk1ðT1ðxÞÞ þ k2ðT2ðxÞÞjq2
¼ jT1ðk1ðxÞÞ þ T2ðk2ðxÞÞjq2
6 KfjT1ðk1xÞjq2 þ jT2ðk2xÞjq2g:
Thus jðk1T1 þ k2T2ÞðxÞjq2 6MKjk1xjq1 þNKjk2xjq1
¼ KðMjk1j þNjk2jÞjxjq1 ;
) jðk1T1 þ k2T2ÞðxÞjq2 6 Pjxjq1
where P ¼ KðMjk1j þMjk2jÞ:
Thus ðk1T1 þ k2T2Þ 2 BðX1;X2Þ. h
Theorem 3.2. Let ðX1; j  jq1Þ and ðX2; j  jq2Þ be two quasi-
normed linear spaces. For T 2 BðX1;X2Þ we deﬁne
jTjq ¼
_
xð–hÞ2X1
jTðxÞjq2
jxjq1
:
Then ðBðX1;X2Þ; j  jqÞ is a quasi-normed linear space.
Proof. Clearly jTjq P 0 and conditions (QN-1) and (QN-2)
are directly followed from deﬁnition.
For (QN-3), let T1;T2 2 BðX1;X2Þ, then
jT1 þ T2jq ¼
_
xð–hÞ2X1
jðT1 þ T2ÞðxÞjq2
jxjq1
¼
_
xð–hÞ2X1
jT1ðxÞ þ T2ðxÞjq2
jxjq1
6
_
xð–hÞ2X1
K
jT1ðxÞjq2 þ jT2ðxÞjq2
jxjq1
6
_
xð–hÞ2X1
K
jT1ðxÞjq2
jxjq1
þ
_
xð–hÞ2X1
K
jT2ðxÞjq2
jxjq1
:
So jT1 þ T2jq 6 KfjT1jq þ jT2jqg.
Hence ðBðX1;X2Þ; j  jqÞ is a quasi-normed linear space. h
Remark 3.1. In Theorem 3.2, we can also deﬁnejTjq ¼
_
x2X1
fjTðxÞjq2 : jxjq1 6 1g:
Then ðBðX1;X2Þ; j  jqÞ is a quasi-normed linear space and two
quasi-norm in two cases are same.
Again
jTðxÞjq2 6 jTjqjxjq1 8x 2 X1:
Lemma 3.1. Let ðX; j  jqÞ be a quasi-normed linear space and
fxng be a sequence in X such that
lim
n!1
xn ¼ x i:e: lim
n!1
jxn  xjq ¼ 0:
Then jxjq ¼ jlimn!1xnjq 6 K limn!1jxnjq.
Proof. By (QN-3),
jxjq 6 Kfjx xnjq þ jxnjqg;
) jxjq 6 lim
n!1
Kfjx xnjq þ jxnjqg ¼ K lim
n!1
jxnjq;
) jxjq ¼ j lim
n!1
xnjq 6 K lim
n!1
jxnjq: 
Theorem 3.3. Let ðX1; j  jq1Þ be a quasi-normed linear space andðX2; j  jq2Þ be a complete quasi-normed linear space. ThenðBðX1;X2Þ; j  jqÞ is a complete quasi-normed linear space.
Proof. By Theorem 3.2, ðBðX1;X2Þ; j  jqÞ is a quasi-normed
linear space. Next we shall prove it is complete.
Now we consider an arbitrary Cauchy sequence fTng in
ðBðX1;X2Þ; j  jqÞ and show that fTng converges to an operator
in ðBðX1;X2Þ; j  jqÞ. Since fTng is Cauchy sequence
lim
m;n!1
jTn  Tmjq ¼ 0:
So corresponding to any  > 0 there exists a positive integer
NðÞ such that
jTn  Tmjq <  8m; nP NðÞ:
For all x 2 X1 and m; nP NðÞ,
jTnðxÞ  TmðxÞjq2 ¼ jðTn  TmÞðxÞjq2 6 jTn  Tmjqjxjq1
< jxjq1 : ð3:1Þ
Now for any ﬁxed x 2 X1 we see that fTnðxÞg is a Cauchy
sequence in ðX2; j  jq2Þ. Since ðX2; j  jq2Þ is complete, fTnðxÞg
converges, say, limn!1TnðxÞ ¼ y. Clearly, the limit y 2 X2
depends on the choice of x 2 X1. This deﬁnes an operator
T : ðX1; j  jq1Þ ! ðX2; j  jq2Þ, where y ¼ TðxÞ. We shall show
that the operator T is linear.
Let a; b 2 F then,
Tðaxþ bzÞ ¼ lim
n!1
Tnðaxþ bzÞ ¼ lim
n!1
TnðaxÞ þ TnðbzÞ:
Now
lim
n!1
jðTnðaxÞ þ TnðbzÞÞ  ðaTxþ bTzÞjq2
6 lim
n!1
KfjajjTnðxÞ  TðxÞjq2 þ jbjjTnðzÞ  TðzÞjq2g ¼ 0:
Hence Tðaxþ bzÞ ¼ aTðxÞ þ bTðzÞ.
Next we have to show that T is bounded and limn!1Tn ¼ T
Bounded linear operators 307From (2.1) we have
jTnðxÞ TðxÞjq2 ¼ jTnðxÞ  limm!1TmðxÞjq2
6 K lim
m!1
jTnðxÞ TmðxÞjq2 ; ½by Lemma 3:1
6 K lim
m!1
jTn Tmjqjxjq1
6 Kjxjq1 8nPNðÞ; 8x 2 X1:
Since TNðÞ is bounded, there exists MNðÞ > 0 such that
jTNðÞðxÞjq2 6MNðÞjxjq1 8x 2 X1:
Thus
jTðxÞjq2 ¼ jTðxÞ  TNðÞðxÞ þ TNðÞðxÞjq2
6 KjTðxÞ  TNðÞðxÞjq2 þ KjTNðÞðxÞjq2 8x 2 X1
< K2jxjq1 þ KMNðÞjxjq1 8x 2 X1
¼ ðK2þ KMNðÞÞjxjq1 8x 2 X1:
So T is bounded.
Now
jTn  Tjq ¼
_
xð–hÞ2X1
jTnðxÞ  TðxÞjq2
jxjq1
6  8nP NðÞ
) lim
n!1
jTn  Tjq ¼ 0
) lim
n!1
Tn ¼ T: 
Deﬁnition 3.1. Let ðX1; j  jq1Þ and ðX2; j  jq2Þ be two quasi-
normed linear spaces. For T 2 BðX1;X2Þ we deﬁne
jTjq ¼
_
xð–hÞ2X1
jTðxÞjq2
jxjq1
:
Then ðBðX1;X2Þ; j  jqÞ is a quasi-normed linear space. The
space ðBðX1;X2Þ; j  jqÞ is called the Dual space of ðX1; j  jq1 Þ
if X2 ¼ R and j  jq2 ¼ j  j. We denote the set of all bounded lin-
ear functional deﬁned on ðX; j  jqÞ by BðX; j  jqÞ which is the
Dual space of ðX; j  jqÞ.
Example 3.1. Let X ¼ R2 be a linear space. For
x ¼ ðx1; x2Þ 2 X deﬁne
jxjq ¼
ﬃﬃﬃﬃﬃﬃﬃ
jx1j
p
þ
ﬃﬃﬃﬃﬃﬃﬃ
jx2j
p 2
:
Then ðX; j  jqÞ is a quasi-normed linear space. Let f : X ! X be
an operator deﬁned by fðxÞ ¼ x  a ¼ x1a1 þ x2a2. Then T is a
bounded linear functional.
Proof
Now
jfðxÞj
jxjq
¼ jx1a1 þ x2a2jﬃﬃﬃﬃﬃﬃﬃjx1jp þ ﬃﬃﬃﬃﬃﬃﬃjx2jp 2 6
jx1jja1j þ jx2jja2j
ðjx1j þ jx2j þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃjx1jjx2jp Þ
¼ jx1jja1j
jx1j þ jx2j þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃjx1jjx2jp þ
jx2jja2j
jx1j þ jx2j þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃjx1jjx2jp 
6 ðja1j þ ja2jÞ ) jfðxÞj 6 ðja1j þ ja2jÞjxjq 8x 2 X: Remark 3.2. In Example 3.1, ðX; j  jqÞ is a quasi-normed linear
space for quasi index K ¼ 2 but not a normed linear space (see
[12]). Therefore there exists such type of function which are
quasi-norm but not a norm.
Theorem 3.4. Let ðX; j  jqÞ be a quasi-normed linear space. Then
the Dual space BðX; j  jqÞ of ðX; j  jqÞ is a complete normed lin-
ear space.
Proof. Proof follows from Theorem 3.3. h4. Open problems-questions
(Q1) A question naturally arises that, what will be the forms
of fundamental theorems of functional analysis in this
setting?
(Q2) Is this space Reﬂexive?
(Q3) Which type of Topology is associated with this space?
(Q4) How much it generalized the normed linear space?
(Q5) What will be the fuzzy version of this function i.e. what
will be the form of quasi-fuzzy normed linear space in
this contest?
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